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1. Introduction
The experimental evidence in favor of quantum mechanics is fantastically compelling.
Evidence in favor of black holes is incomplete but mounting [1]. When this evidence
is combined with indirect theoretical arguments, it is hard to deny the existence of black
holes. Yet Hawking has argued [2,3] that the two cannot coexist in the same universe: black
holes swallow information and then disappear without releasing it. This is inconsistent
with quantum mechanical determinism, and as such the very foundations of physics are in
jeopardy. Hawking’s arguments (reviewed herein) appear to be very simple and general,
and in particular insensitive to unknown details of the short-distance laws of physics.
It is the author’s belief – shared by many – that Hawking has raised a deep and
important puzzle. This puzzle involves the laws of physics that we believe we already
know and understand. We should therefore either be able to solve it, or to understand
why it is necessary to go beyond the known laws of physics.
In the decade following Hawking’s seminal work, a variety of objections1 to his calcula-
tion were raised, and the self-consistency of his proposed non-deterministic laws of physics
was questioned. Attempts to settle the debates were bogged down both by the nonrenor-
malizability of quantum gravity and the innate difficulty of trying to keep track of the
information carried by the many degrees of freedom involved in the formation/evaporation
of a macroscopic black hole. A possible way around this impasse was recently found with
the discovery [4] of two-dimensional models for black holes (reviewed herein). These models
were derived as the S-wave sector of four-dimensional black hole dynamics, and accordingly
contain black hole formation/evaporation. The information puzzle thus arises in a simple
form, disentangled from the many technical difficulties encountered in four dimensions: In
two dimensions quantum gravity is renormalizable and the number of degrees of freedom
involved is far less. The objections raised to Hawking’s four-dimensional arguments can
also be raised in two dimensions. Many debates can in this simplified context be settled
1 Examples of such objections are that the backreaction was ignored, the semiclassical expan-
sion was inconsistent, gravity was not quantized, energy was not conserved or that the derivation
secretly depended on short-distance physics.
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by concrete calculation. The sharpened understanding gained from two dimensions may
then be applied back to the four-dimensional problem.
A primary goal in the subject of two-dimensional black holes is to construct a fully
self-consistent, quantum mechanical model in which black holes form and evaporate. For
some time it appeared as if the RST model [5] (a soluble two-dimensional model reviewed
herein) was the starting point in an expansion of such a consistent model, and one in
which information is indeed destroyed as argued by Hawking. Influenced by this, many
people – including the author – began to believe that such theories could be fully self-
consistent and that information may indeed be destroyed in the real world. However, rather
recently it was realized [6,7] that the RST model is not self-consistent even at leading order.
The inconsistencies of the RST model arise from a general, model independent conflict
with energy conservation and the superposition principle. This conflict was uncovered in
thinking about two dimensions, but it turns out that Hawking’s original prescription for
information destruction in four dimensions suffers from precisely the same inconsistencies
[7]. Repairing the damage is possible, but surprisingly leads to a radically different picture
[8], in which the information is not destroyed, but is slowly released as the black hole
decays back to the vacuum. This picture of black hole formation/evaporation is reviewed
in the last several subsections.
The outline of these lectures is as follows. Section 2 contains a review of classical four-
dimensional black holes and their causal structure. Section 3 begins with a discussion of
the connection between the S-wave sector of general relativity and two-dimensional black
hole models. In 3.2-3.4 gravitational collapse in classical dilaton gravity is reviewed. In
3.5-3.8 quantum effects are systematically included into the model. Generalized models
and the connection with conformal field theory are described in 3.9. The RST model is
described and solved in 3.10. The section ends with a discussion of the inconsistency of
the RST model. Having introduced the basic ingredients in the simplified two-dimensional
setting, in Section 4 we turn to four dimensions and a general discussion of the information
puzzle. In 4.1 we review the argument that the information cannot come out before the
black hole becomes planckian (in a version which emerged during dinner conversations at
Les Houches). Sections 4.2-4.4 review remnants (including a new discussion of absorption
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of pair-production infinities by renormalization of Newton’s constant) and Hawking’s pro-
posal for information destruction. Sections 4.5-4.6 review constraints introduced from the
superposition principle and energy conservation. In 4.7-4.8 we review a possible resolution
of the information puzzle which is compatible with these constraints, and with the insight
gained from the two-dimensional models. We end with conclusions and outlook in Section
5.
This is not meant to be an exhaustive review of all recent developments in quantum
black hole physics. The content basically follows lectures/discussions at Les Houches, al-
though the lectures on quantum field theory in curved space have been omitted (see the
excellent text [9]), and sections 3.6, 3.9, 3.10 and 4.3 have been added for completeness.
Perhaps the most serious omission is a discussion of the fascinating and mysterious gen-
eralized second law [10]. A recent discussion of the two-dimensional view on this can be
found in [11]. Other recent general reviews – representing a rich variety of viewpoints –
include [12,13,14,15,16,17]. Parts of these lectures were adapted – with varying amounts
of editing and updating – from my previous writings[19,20,7]. I am particularly grateful
to Jeff Harvey for permission to adapt sections of [19].
2. Causal Structure and Penrose Diagrams
The most basic question one can ask about two spacetime points x and x′ concerns
their causal relation. Is x′ in, on or outside of the past or future light cone of x? Causal
structure becomes particularly important and subtle in the context of black holes. Penrose
diagrams are an indispensable aid in understanding the causal structure of a spacetime.
We illustrate them here with several examples of increasing complexity. More details can
be found in [21,22].
2.1. Minkowski Space
The line element for Minkoswki space in spherical coordinates (t, r, θ, φ) is given by
ds2 = (−dt2 + dr2) + r2(dθ2 + sin2 θdφ2) ≡ (−dt2 + dr2) + r2dΩ2II . (2.1)
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At each point (r, t) with −∞ < t < ∞, 0 < r < ∞ there is an S2 of area 4πr2. In what
follows we focus on the (r, t) plane and suppress the presence of the two-spheres. It is often
useful to introduce light-cone coordinates
u = t− r,
v = t+ r,
(2.2)
so that −dt2 + dr2 = −dudv.
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Fig. 1: Relation between (r+ t) coordinates and light-cone coordinates (u, v) and
various asymptotic regions of Minkowski space.
The relation between (r, t) and (u, v) and various asymptotic regions which will play
a role in the following discussion are indicated in fig. 1. These are:
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i+ = {t→+∞ at fixed r} = future timelike infinity,
i− = {t→−∞ at fixed r} = past timelike infinity,
i0 = {r→∞ at fixed t} = spacelike infinity,
I+ = {v→∞ at fixed u} = future null infinity,
I− = {u→−∞ at fixed v} = past null infinity.
Future and past null infinity are useful concepts when dealing with radiation. For
example, to measure the mass of an object one needs to know the deviation of the metric
from flat space at large distances. If the object emits a pulse of radiation at time t and we
want to know the resulting change of mass then, at radius r, we must wait a time t ≥ r
until the radiation is past to measure the new metric. As r→∞, we end up making the
measurement at I+.
However, it is awkward to study I+ in (u, v) coordinates because it is at an infinite
value of v. We therefore introduce coordinates (ψ, ζ) with
v = t+ r = tan
1
2
(ψ + ζ),
u = t− r = tan 1
2
(ψ − ζ),
(2.3)
so that
ds2 = Ω2(ψ, ζ)(−dψ2 + dζ2) + r2(ψ, ζ)dΩ2II , (2.4)
with
Ω−2(ψ, ζ) = 4 cos2
1
2
(ψ + ζ) cos2
1
2
(ψ − ζ). (2.5)
The new coordinates (ψ, ζ) range over the half-diamond ζ ± ψ < π, ζ > 0. We then
introduce an unphysical metric g¯µν which is conformal to the actual metric gµν
g¯µν = Ω
−2gµν . (2.6)
Although distances measured with the g¯ metric differ (by a possibly infinite factor) from
those measured with the g metric, the causal relation of any two points is the same in
both metrics. Thus the causal structure of the g-spacetime is equivalent to that of the g¯-
spacetime. The unphysical metric g¯ is well behaved at the values of (ψ, ζ) which correspond
to the asymptotic regions of g as shown in fig. 2.
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Fig. 2: Penrose diagram for Minkowski space (shaded region). Each point repre-
sents a two-sphere at fixed radius and time. The origin corresponds to the vertical
boundary on the left.
The Penrose diagram of fig. 2 brings the previous asymptotic regions into finite points.
Furthermore, even though g¯ is not the physical metric, statements about the asymptotic
behavior of fields in the spacetime with metric g can be translated into simple statements
about the behavior of fields at the finite points corresponding to i±, i0, I± in the space-
time with metric g¯. This type of discussion can also be applied to solutions such as the
Schwarzschild metric which have an appropriate notion of asymptotic flatness. See [22] for
further details.
The basic feature of a Penrose diagram is that null geodesics are always represented
by 45o lines. Thus it is easy to discern if two points are in causal contact, which makes the
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diagrams very useful. For example a glance at fig. 2 reveals that all of Minkowski space is
in the causal past of an observer at i+. The price one pays for this is that distances are
not accurately portrayed: two points finitely separated on a Penrose diagram may or may
not be an infinite geodesic distance apart.
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Fig. 3: Penrose diagram for 1 + 1 dimensional Minkowski space (shaded region).
2.2. 1 + 1 Dimensional Minkowski Space
We have the line element
ds2 = −dt2 + dx2 = −dx+dx−, (2.7)
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with x± = t± x. Letting
x± = tan
1
2
(ψ ± ζ), (2.8)
where now, since −∞ < x <∞, (ζ, ψ) range over the full diamond |ζ±ψ| < π. It follows as
in the previous discussion that the Penrose diagram consists of two copies of fig. 2 as shown
in fig. 3. There are now two spacelike infinities, i0R,L, corresponding to x→±∞, and two
past and two future null infinities, I±R , I±L with for example I+R being where right-moving
light rays go and I+L where left-moving light rays go.
2.3. Schwarzschild Black Holes
The Schwarzschild black hole with line element
ds2 = −(1− 2M
r
)dt2 +
dr2
(1− 2Mr )
+ r2dΩ2II (2.9)
is probably the most familiar non-trivial solution to the vacuum Einstein equations Rµν =
0. As is well known, at the origin r = 0 there is a curvature singularity as may be verified
by calculation of the invariant RµνλψR
µνλψ. The singularity in the metric at r = 2M is not
a curvature singularity but instead represents a breakdown of this particular coordinate
system.
The most convenient method to study the behavior near r = 2M is to introduce co-
ordinates along ingoing and outgoing radial null geodesics. We thus introduce the tortoise
coordinate
r∗ = r + 2M ln(
r
2M
− 1), (2.10)
with dr = (1− 2M/r)dr∗ and
ds2 = (1− 2M
r
)(−dt2 + dr∗2) + r2(r∗)dΩ2II . (2.11)
It is clear from (2.11) that null geodesics correspond to t = ±r∗. Also note that r = 2M
is at r∗ = −∞. The appropriate null coordinates are
u = t− r∗,
v = t+ r∗.
(2.12)
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III
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vu
Black Hole Singularity
White Hole Singularity
Future Event Horizon
Past Event Horizon
_ _
Fig. 4: Maximal analytic extension of the Schwarzschild black hole in null Kruskal
coordinates.
The next step is to introduce the null Kruskal coordinates
u¯ = −4Me−u/4M ,
v¯ = 4Mev/4M .
(2.13)
The region r ≥ 2M or −∞ < r∗ <∞ maps onto the region −∞ < u¯ < 0, 0 < v¯ <∞. But
now inspection of the metric shows that
ds2 = −2M
r
e−r/2Mdu¯dv¯ + r2dΩ2II , (2.14)
where r(u¯, v¯) is defined implicitly by (2.10) – (2.12) and it is clear that the metric com-
ponents are non-singular at r = 2M . We can thus analytically continue the solution to
the whole region −∞ < u¯, v¯ < ∞. The resulting Kruskal diagram of the extension of the
Schwarzschild black hole is shown in fig. 4.
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Fig. 5: Penrose diagram of the analytic extension of the Schwarzschild black hole.
A procedure similar to that described earlier for Minkowski space allows one to bring
the asymptotic regions of fig. 4 into finite points in terms of an unphysical metric g¯. The
resulting Penrose diagram for the Schwarzschild black hole is shown in fig. 5. In this
extension of the Schwarzschild metric there are two asymptotically flat regions denoted I,
II in fig. 4 and fig. 5. Also, in addition to the black-hole singularity (where r(u¯, v¯) vanishes)
which reaches i+ in the infinite future, there is a white-hole singularity which emerges from
i− in the infinite past.
2.4. Gravitational Collapse and the Vaidya Spacetimes
It is reasonable to ask how much of this structure is relevant for classical black holes
formed by the collapse of infalling matter. Only region I and part of region III will exist
for such a physical black hole. This can be seen analytically in the Vaidya spacetimes.
These represent a black hole formed by collapse of null matter whose stress tensor takes
the form
Tvv =
E(v)
4πr2
, (2.15)
with all other components equal to zero. The metric is simplest in infalling (r, v) coordi-
nates:
ds2 = −
(
1− 2m(v)
r
)
dv2 + 2drdv + r2dΩ2II (2.16)
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Fig. 6: Penrose diagram for a black hole formed by spherically symmetric collapse
of a null shock wave. The solid line is the apparent horizon, which bounds the
shaded region of trapped surfaces or apparent black hole. The dashed line is
the event horizon, which coincides with the apparent horizon after the collapse is
completed.
where
m(v) =
v∫
−∞
dv′E(v′) (2.17)
is the total mass inside v. Consider the special case that the matter is a shock wave, for
which Tvv is nonzero only along v0:
Tvv =
Mδ(v − v0)
4πr2
. (2.18)
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In this case
m = 0 v < v0,
m =M v > v0 .
(2.19)
Then the region below v = v0 is just flat space, and the corresponding portion of the
Penrose diagram is the region below a null line in the Minkowski diagram of fig. 2. Similarly,
the region above v = v0 is identically Schwarzschild, and is represented by a region above
an ingoing null line v = v0 in fig. 5. This region does not include regions II or IV.
The complete Penrose diagram obtained by patching together the two regions is then as
illustrated in fig. 6. This geometry is perhaps the simplest explicit example of gravitational
collapse. A two-dimensional version will be discussed at length in section 3.
2.5. Event Horizons, Apparent Horizons and Trapped Surfaces
In this subsection we will describe the notions of event horizons, apparent horizons,
and trapped surfaces. We will not give precise definitions for general surfaces or general
spacetimes, as there are many subtleties involved. Rather we will attempt to give a flavor
of the ideas in the highly simplified context of spherically symmetric spacetime geometries
and symmetric surfaces. The statements made in this section refer only to such surfaces
and geometries, although many of them can be generalized. The reader interested in
precise statements instead of the general flavor should refer to [22] and [21].
A future event horizon is the null surface from behind which it is impossible to escape
to I+ without exceeding the speed of light. A past event horizon is the time reverse of
this: a surface which it is impossible to get behind starting from I−. Schwarzchild contains
both a past and future event horizon as indicated in fig. 4 and fig. 5, while the spacetime
representing a black hole formed by gravitational collapse contains only a future event
horizon as indicated in fig. 6.
The interior of a black hole generally contains a region of trapped surfaces. To illus-
trate this notion, consider a two-sphere in flat Minkowski space. There are two families
of null geodesics which emanate from the two-sphere, those that go out and those that go
in. The former diverge, while the latter converge. A trapped surface is one for which both
families of null geodesics are everywhere converging, due to gravitational forces. It is easy
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to check that two-spheres of constant radius behind the future horizon in Schwarzchild
are trapped. Outgoing null geodesics from the two-sphere exactly at r = 2M of course
generate the horizon itself, whose area is constant for Schwarzchild. This two-sphere is
therefore marginally trapped.
An apparent horizon is the outer boundary of a region of trapped surfaces. We will
also find it convenient to refer to a region of trapped surfaces as an apparent black hole.
The notions of an apparent horizon and an event horizon are quite different, although
the two are sometimes confused as they happen to coincide for Schwarzchild. An event
horizon is a global concept, and the entire spacetime must be known before its existence
or location can be determined. The location of an apparent horizon, in contrast, can be
determined from the initial data on a spacelike slice.
To illustrate this, consider a black hole geometry with an apparent horizon at time
t0. Throwing matter into the black hole at a time t >t0 (relative to any smooth time
slicing which goes through the black hole) will have no effect on the area or location of the
apparent horizon at time t0 (although it will increase its area for later times). However, the
infalling matter does cause the event horizon at the earlier time t0 to move out to larger
radius. The apparent and event horizons for a black hole formed by collapsing radiation
are illustrated in fig. 6.
In classical general relativity, the apparent horizon is typically a null or spacelike
surface which lies inside or coincides with the event horizon (assuming cosmic censorship)
[21]. This is not true when the effects of Hawking radiation are taken into account, in
which case – as will be illustrated in section three – the apparent horizon can shrink,
become timelike and move outside the event horizon.
It is important to stress that there is no evidence for the existence of black hole event
horizons (as opposed to apparent horizons) in the real world. In order to answer this
question one must follow the apparent black hole all the way to the endpoint of Hawking
evaporation.
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3. Black Holes in Two Dimensions
3.1. General Relativity in the S-Wave Sector
The time-dependent dynamics of classical — let alone quantum — black holes are
extremely complex. Great simplifications can be achieved by restricting the metric and
matter fields to have spherical symmetry. We shall see that implementing this restriction
does not throw out the baby with the bath water — virtually all of the interesting and
puzzling features of black holes are present in the S-wave sector.
The most general spherically symmetric metric can be expressed in the form
ds2 = gµνdx
µdxν +
1
λ2
e−2φd2Ω (3.1)
where µ, ν = 0, 1, (x0, x1) ∼ (t, r), φ and g are functions of x and the dimensionful constant
λ is introduced so that the field φ is dimensionless. The vacuum Einstein equations become
Gµν = 2∇µ∇νφ− 2∇µφ∇νφ+ 3gµν(∇φ)2
− 2gµν φ− λ2gµνe2φ
(3.2)
(4)Gθθ = sin
2 θ (4)Gφφ
=
1
λ2
e−2φ
[
(∇φ)2 − φ− 1
2
R
]
(3.3)
where all curvatures and connections are constructed from the two-dimensional metric gµν
unless marked with a superscript (4). (We apologize for using φ to denote both a field and
an angle – the meaning should be clear from the context.) These equations follow from
the effective two-dimensional action
S =
1
2π
∫
d2x
√−ge−2φ [R + 2(∇φ)2 + 2λ2e2φ] , (3.4)
where the cosmological constant 2λ2 is a relic of the components of the scalar curvature
tangent to the two-sphere. (3.4) may also be directly derived by substitution of the ansatze
(3.1) in to the Einstein-Hilbert action (in units with Newton’s constant GN = π/2λ
2).
Before leaving four dimensions there are several useful entries in the dictionary relating
four- and two-dimensional quantities we would like to explain. In a spherically symmetric
four-dimensional spacetime of the form (3.1), the area of the two-spheres is given by the
15
function 4piλ2 e
−2φ(σ+, σ−) where σ+ = t±r are null coordinates. The two-sphere at σ+, σ−,
will be trapped if is decreasing in both null directions, i.e. ∂±e
−2φ < 0. Therefore a trapped
point in the two-dimensional theory is a point at which
∂±φ > 0. (3.5)
An apparent horizon is then the outer boundary of such a region at which ∂+φ = 0 [23]
(since asymptotically ∂+φ < 0 while ∂−φ > 0.) We will also use the phrase apparent black
hole to refer to a region of trapped points. This is distinct from a real black hole, which is
a region from which it is impossible to escape to I+R .
3.2. Classical Dilaton Gravity
In the following we will be discussing a 1+1 dimensional theory of gravity coupled to
a dilaton field φ with action
SD =
1
2π
∫
d2x
√−ge−2φ [R + 4(∇φ)2 + 4λ2] . (3.6)
(3.6) differs from (3.4) in the numerical coefficient of the dilaton kinetic energy term and the
φ-dependence of the potential. These differences do not qualitatively change the physics.
There are still black holes and, as shall be seen shortly, Hawking evaporation. However,
the theory described by (3.6) is dramatically simpler to study: the classical solutions can
be presented in explicit closed form. This is our main reason for studying (3.6) rather than
(3.4).
The action (3.6) arises in a low-energy effective description of certain dilatonic black
holes in string theory. This connection was our original motivation for studying (3.6) [4,24]
and is described at length in the review [19]. The model also arises in the related context
of two-dimensional non-critical string theory and as such its black hole solutions were first
discovered in [25] and [26]. Previous work on two-dimensional black holes which is closely
related can be found in [27], and on models of two-dimensional gravity with scalars in
[28,29,30,31].
The classical equations of motion which follow from (3.6) are
2e−2φ
[∇µ∇νφ+ gµν((∇φ)2 −∇2φ− λ2)] = 0, (3.7)
16
e−2φ
[
R + 4λ2 + 4∇2φ− 4(∇φ)2] = 0, (3.8)
where the first equation results from variation of the metric and the second is the dilaton
equation of motion. We first note that there is a solution (often called the linear dilaton
vacuum) characterized by
R = ∇2φ = 0, (∇φ)2 = λ2. (3.9)
We shall refer to this simply as the vacuum. We can introduce coordinates (σ, τ) so that
gµν = ηµν , φ = −λσ, (3.10)
in the vacuum. Note that the vacuum is not translationally invariant. The “origin”, where
e−2φ = 0, is at σ = −∞, while the asymptotic region with infinite-area two spheres, is at
σ = +∞. The natural coupling constant in this theory is gs = eφ which depends on σ and
is inversely proportional to the square root of the area, e−2φ. Thus the vacuum can be
divided into a strong coupling region ( σ→−∞) and a weak coupling asymptotic region
(σ→+∞). It is sometimes useful to think of the strength of the coupling as providing a
coordinate invariant notion of one’s location in this one-dimensional world. The vacuum
Penrose diagram is illustrated in fig. 3.
3.3. Eternal Black Holes
To introduce the black hole solution of this theory it is useful to introduce light-
cone coordinates (the relation of these coordinates to the previous ones will be discussed
momentarily)
x± = x0 ± x1, (3.11)
and to choose conformal gauge gµν = e
2ρηµν , or in light-cone coordinates
g+− = −1
2
e2ρ, g++ = g−− = 0. (3.12)
We then have R = 8e−2ρ∂+∂−ρ and the equations of motion become
φ : e−2(φ+ρ)
[−4∂+∂−φ+ 4∂+φ∂−φ+ 2∂+∂−ρ+ λ2e2ρ] = 0,
ρ : e−2φ
[
2∂+∂−φ− 4∂+φ∂−φ− λ2e2ρ
]
= 0.
(3.13)
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Note that these two equations imply
∂+∂−(ρ− φ) = 0, (3.14)
so that (ρ−φ) is a free field. Since we have gauge fixed g++ and g−− to zero we must also
impose their equations of motion as constraints. This gives
e−2φ(4∂+ρ∂+φ− 2∂+2φ) = 0,
e−2φ(4∂−ρ∂−φ− 2∂−2φ) = 0.
(3.15)
Now (3.14) implies that ρ and φ are equal up to the sum of a function purely of x+,
f+(x
+) and a function purely of x−, f−(x
−). But a coordinate transformation x±→x˜±(x±)
preserves the conformal gauge (3.12) and can be used to set f± = 0. Thus we can choose
ρ = φ in analyzing the equations of motion. With this choice the remaining equations and
constraints reduce to
∂−∂+(e
−2ρ) = −λ2,
∂+
2(e−2ρ) = ∂−
2(e−2ρ) = 0,
(3.16)
which has the general solution (up to constant shifts of x±)
e−2φ = e−2ρ =
M
λ
− λ2x+x−, (3.17)
where M is a free parameter which will turn out to be the mass of the black hole.
Calculating the curvature we find
R = 8e−2ρ∂+∂−ρ =
4Mλ
M/λ− λ2x+x− , (3.18)
which is divergent at x+x− = M/λ3. This solution has the same qualitative features as
the (r, t) plane of the Schwarzschild black hole. The Penrose diagram is in fact the same
as that in fig. 5 with (u¯, v¯) replaced by (x−, x+).
Region I in fig. 5 should asymptotically approach the flat space vacuum. To see this
we can introduce coordinates
λx+ = eλσ
+
,
λx− = −e−λσ− .
(3.19)
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Note that the range −∞ < σ+, σ− < +∞ covers only region I of fig. 5. It is also important
ro remember that in these coordinates ρ will no longer equal φ since φ transforms as a
scalar under coordinate transformation while ρ does not. In these coordinates we find that
as σ = (σ+ − σ−)/2→∞
φ→− λσ − M
2λ
e−2λσ,
ρ→0− M
2λ
e−2λσ ,
(3.20)
and the solution approaches the vacuum up to exponentially small corrections. It is also
important to note that gs = e
φ→0 as σ→∞ and that at the horizon x− = 0, gs =
√
λ/M .
Thus we are in weak coupling throughout region I for sufficiently massive black holes
(M >> λ).
3.4. Coupling to Conformal Matter
So far all we have constructed is an “eternal” black hole solution. To determine
whether such solutions form from non-singular initial conditions and to study Hawking
radiation we must couple in some dynamical matter degrees of freedom. To study this
process in our 1 + 1 dimensional model we modify (3.6) by adding a matter term of the
form
SM = − 1
4π
N∑
i=1
∫
d2x
√−g(∇fi)2, (3.21)
where the fi are a set of N massless matter fields For the moment we take N = 1 and will
consider general N when we discuss Hawking radiation and back reaction. In conformal
gauge the f equation of motion is simply
∂+∂−f = 0. (3.22)
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Fig. 7: Penrose diagram for formation of a dilaton black hole by an f shock-wave.
Let us consider sending in a pulse of energy from the right. Although we could consider
taking f to be some function of x+ with finite width [4], to simplify the calculation we take
the f pulse to be a shock-wave traveling in the x− direction with magnitude a described
by the stress tensor
1
2
∂+f∂+f = aδ(x
+ − x+0 ) . (3.23)
The only modification in the equations of motion and constraints due to the matter fields
in this case is in the g++ constraint which becomes
e−2φ(4∂+ρ∂+φ− 2∂+2φ) = −1
2
∂+f∂+f. (3.24)
For x+ < x+0 we assume we are in the vacuum, while for x
+ > x+0 we know that the
solution must be of the form (3.17). Matching the discontinuity across x+0 we obtain the
solution
e−2ρ = e−2φ = −a(x+ − x+0 )Θ(x+ − x+0 )− λ2x+x−. (3.25)
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For x+ > x+0 this is identical to a black hole of mass ax
+
0 λ after shifting x
− by a/λ2. The
Penrose diagram for this spacetime closely resembles that of the Vaidya spacetime (fig. 6)
and is shown in fig. 7.
3.5. Hawking Radiation and the Trace Anomaly
So far we have achieved a satisfying description of the classical formation of a 1 + 1-
dimensional black hole from collapsing matter. However the real motivation for studying
this model is to understand quantum effects. We will do this in several parts. To begin
with we will analyze the quantum effects of matter fields in the fixed classical background
of a black hole formed by collapsing matter.
In two dimensions there is a beautiful relation between the trace anomaly and Hawking
radiation discovered in [32]. For a massless scalar field the trace of the energy-momentum
tensor is zero classically, T ≡ Tµµ = 0. Quantum mechanically there is a one-loop anomaly
which relates the expectation value of the trace of the energy-momentum tensor to the
Ricci scalar
〈T 〉 = c
24
R, (3.26)
where c = 1 for a massless scalar and c = 1/2 for a Majorana fermion. In conformal gauge
with T = −4e−2ρT+− this gives for N c = 1 scalars
〈T f+−〉 = −
N
12
∂+∂−ρ. (3.27)
Given the expectation value of T+− as above we can use energy-momentum conservation
to determine T++ and T−−. We have
∂+T−− + ∂−T+− − Γ−−−T+− = 0, (3.28)
and similarly for T++. Using Γ
+
++ = 2∂+ρ, Γ
−
−− = 2∂−ρ the solution is found as
〈T f++〉 = −
N
12
(
∂+ρ∂+ρ− ∂2+ρ+ t+(σ+)
)
,
〈T f−−〉 = −
N
12
(
∂−ρ∂−ρ− ∂2−ρ+ t−(σ−)
)
.
(3.29)
The functions of integration t± are not determined purely by energy-momentum conserva-
tion and must be fixed by imposing physical boundary conditions. (In the next subsection
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we will see that they are related to the Casimir energy of the matter fields.) For the col-
lapsing f -wave, t± are fixed by requiring that T
f vanish identically in the linear dilaton
region, and that there be no incoming radiation along I−R except for the classical f -wave
at σ+0 .
We now turn to a calculation of Hawking radiation from a “physical” black hole formed
by collapse of an infalling f shock-wave as in (3.23). The calculation and its physical
interpretation is clearest in coordinates where the metric is asymptotically constant on
I±R . We thus set
eλy
+
= λx+,
e−λy
−
= −λx− − a
λ
.
(3.30)
This preserves the conformal gauge (2.2) and gives for the new metric
−2g+− = e2ρ =
{
[1 + aλe
λy− ]−1, if y+ < y+0 ;
[1 + aλe
λ(y−−y++y+
0
)]−1 if y+ > y+0
(3.31)
with λx+0 = e
λy+
0 .
The formula for ρ, together with the boundary conditions on T f at I−L,R then implies
t+ = 0, t− =
−λ2
4
[1− (1 + aeλy−/λ)−2]. (3.32)
The stress tensor is now completely determined, and one can read off its values on I+R by
taking the limit y+ →∞:
〈T f++〉 → 0, 〈T f+−〉 → 0,
〈T f−−〉 →
Nλ2
48
[
1− 1(
1 + aeλy−/λ
)2
]
.
(3.33)
The limiting value of T f−− is the flux of f -particle energy across I+R . In the far past of
I+R (y− → −∞) this flux vanishes exponentially while, as the horizon is approached, it
approaches the constant value Nλ2/48. This is nothing but Hawking radiation. The result
that the Hawking radiation rate is asymptotically independent of mass is peculiar to the
model defined by (3.6) and does not hold for a generic model.
Although we have established that there is a net flux of energy which starts at zero and
builds up to a constant value (ignoring backreaction) the skeptical reader might wonder
whether this is in fact thermal Hawking radiation. In order to show that this is indeed the
case, we must describe the full quantum state, which is the subject of the next section.
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3.6. The Quantum State
Quantum states of the matter field f are constructed with right and left-moving f
creation and annihilation operators: The right-moving operators are
aw = − i
2π
∫
dz−√
2w
f(z−)
↔
∂− e
iwz− ,
a†w =
i
2π
∫
dz−√
2w
f(z−)
↔
∂− e
−iwz− ,
(3.34)
where w > 0, and obey [
aw, a
†
w′
]
= δ(w − w′) . (3.35)
The vacuum is then defined by the condition that
aw|0z〉 = 0 . (3.36)
The definition (3.34) of the creation and annihilation operators depends on a choice
of coordinates, here denoted z. The state |0z〉 is defined with respect to these operators
and so will also depend on the choice of coordinates. What appears to be a vacuum in one
coordinate system, will be a many-particle state (obtained by a Bogolubov transformation)
in another. This reflects the physical fact that observers in the state |0z〉 which are not
inertial with respect to z coordinates will detect particles.
In describing Hawking radiation in the shock-wave geometry, the matter state is taken
to be the “inertial” vacuum state prior to the shock wave, in which inertial observers detect
no particles. This will be the case if the vacuum is defined with respect to coordinates
(3.19) in which the metric is simply
ds2 = −dσ+dσ− (3.37)
below the shock wave. Since f is a free field, this defines the right-moving part of the
quantum state everywhere, including above the shock wave.
We are now in a position to investigate thermal properties of the quantum state on
I+.2 These follow from the two-point correlation function which is simply
〈
0σ|f(σ−) f(σ′−)|0σ
〉
= ln(σ− − σ′−) (3.38)
2 The following argument is due to L. Thorlacius [14].
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in σ coordinates. To interpret this we should transform to the inertial coordinate y− of
(3.30) on I+R , which is related to σ− by
σ− = − 1
λ
ln
(
e−λy
−
+
a
λ
)
. (3.39)
Evaluating (3.39) at late retarded times (y− →∞) and inserting in (3.38) one finds
〈
0σ|f(y−) f(y−′)|0σ
〉
= ln
(
1
a
e−λy
−′ − 1
a
e−λy
−
)
. (3.40)
This correlation is periodic in imaginary time with period β = 2π/λ, indicating that |0σ〉
indeed approaches a thermal state with temperature T = λ/2π at late times. This has
also been seen [33] in a direct computation of the quantum state on I+.
The expression for the quantum state of the f -field also provides a different way of
understanding the non-zero expectation value for 〈T f−−〉 in (3.33). Clearly,〈
0σ| : T f−− :σ |0σ
〉
= 0, (3.41)
where : T f−− :σ denotes the operator T
f
−− normal ordered with respect to creation and
annihilation operators in σ− coordinates. It is well known that for N c = 1 matter fields
the normal ordering constant in different coordinate systems is related by the Schwarzian
derivative
: T f−− :y=
(
∂σ−
∂y−
)2
: T f−− :σ −
N
12
(
∂σ−
∂y−
)3/2(
∂
∂σ−
)2(
∂σ−
∂y−
)1/2
. (3.42)
This implies, using (3.39) and (3.41), that on I+
〈
0σ| : T f−− :y |0σ
〉
=
Nλ2
48
[
1− 1
(1 + aeλy−/λ)2
]
, (3.43)
in agreement with (3.33). Thus the quantities t± in the previous section arise because the
coordinates which define the vacuum and those which are asymptotically inertial do not
agree, resulting in an expectation value for the stress tensor normal ordered in inertial
coordinates.
So far we have not discussed the left-moving part of the quantum state3, which contains
a collapsing matter wave. This does not directly enter into the preceding description of the
3 In Section 3.10 models with a boundary condition relating left and right movers will be
considered. Such models more closely resemble the four-dimensional situation.
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right-moving quanta which appear on I+R , except insofar as it supplies the stress energy
which distorts the metric and produces the mismatch between inertial coordinates on I+R
and I−L . The left-moving part of course has excited quanta even before the inclusion of
gravitational effects, which may be described by a coherent state
|f c〉 = A : e ipi
∫
dσ+∂+f
c(σ+)f(σ+) :σ |0σ〉 (3.44)
for a wave with profile given by the function f c(σ+). A here is a normalization factor, and
the normal ordering is in asymptotically inertial σ+ coordinates. A shock wave is obtained
in a limit in which f c(σ+) is very sharply peaked.
3.7. Including the Back-Reaction
If expression (3.33) is integrated along all of I+R to obtain the total energy emitted in
Hawking radiation an infinite answer is obtained. This is obviously nonsense: the black
hole can not radiate more energy than it owns.
The reason for this nonsensical result is simple: the backreaction of the Hawking
radiation on the geometry has been neglected. While this should be unimportant at early
times when the Hawking radiation is weak, ultimately it should be important enough to
terminate the radiation process when the mass reaches zero.
As a first stab at including the backreaction, let us simply include the quantum stress
tensor (3.27), (3.29) to act as a source for the classical metric equations. For example the
ρ equation (3.13) is modified to read
e−2φ(2∂+∂−φ− 4∂+φ∂−φ−λ2e2ρ) = N
12
∂+∂−ρ, (3.45)
while the constraint equations are modified by the addition of (3.29). These modified
equations can be derived from the non-local action [34]
S = SD − N
96π
∫
d2x
√−gR −1R, (3.46)
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where −1 is the scalar Greens function. Note that in conformal gauge −1R = −2ρ, so
that (3.46) becomes local:
S =
1
π
∫
d2σ
[
e−2φ(2∂+∂−ρ− 4∂+φ∂−φ+ λ2e2ρ)
−N
12
∂+ρ∂−ρ+
1
2
N∑
i=1
∂+fi∂−fi)
]
,
(3.47)
There is another, equivalent, method of deriving the extra term in (3.46). The quan-
tum theory is defined by the functional integral in conformal gauge
Z =
∫
D(b, c, ρ, φ)Dfiei(SD+Sbc+SM ), (3.48)
where b and c are Fadeev-Popov ghosts arising from gauge fixing to conformal gauge, and
Sbc is their action. In order to define the measures in Z one must introduce a short distance
regulator. This should be done in a covariant manner, which implies that the measures
will depend on ρ and so should be denoted e.g. Dρfi. This dependence of the measure on
ρ is given by
Dρfi = D0fie−
iN
12pi
∫
∂+ρ∂−ρ, (3.49)
where D0 is the measure with ρ = 0. The term in the exponent is precisely the extra
term in (3.47). Thus we see that this extra term arises from the metric dependence of
the functional measure on the matter fields. Similar terms arise from the ghost-gravity
measure, but in the following section we will see that they can be suppressed.
3.8. The Large N Approximation
The quantum-modified equation (3.45) does not provide a consistent description of
the quantum theory to leading order in an h¯ expansion. The problem is that the left hand
side is order h¯0 while the right hand side is order h¯14. Exact solutions to this equation
would involve all powers of h¯, but higher powers of h¯ in such solutions would be affected
by order h¯2 corrections to the equation. To put it another way, the qualitative nature
4 In fact not even all order h¯1 terms are included in (3.45): For example the corrections from
the ghost-gravity measure are omitted.
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of a solution cannot be affected by perturbative corrections if, as required by validity of
the perturbation expansion, the corrections are indeed small. Thus we cannot expect to
describe a black hole which disappears through evaporation in a perturbative expansion
about a static, classical black hole.
The solution to this dilemma is to expand the theory in 1/N (rather than h¯) with
Ne2φ held fixed [4]. Both sides of (3.45) are then of the same order N1, and it is easily seen
that all corrections5 are order N0 and therefore negligible to leading order. Furthermore,
since the entire action is large the stationary phase approximation is valid, and we need
merely solve the semiclassical equations. The semiclassical ρ, φ equations can be cast in
the form
2
(
1− N
12
e2φ
)
∂+∂−φ = (4∂+φ∂−φ+ λ
2e2ρ)
(
1− N
24
e2φ
)
, (3.50)
2
(
1− N
12
e2φ
)
∂+∂−ρ = (4∂+φ∂−φ+ λ
2e2ρ), (3.51)
The ++ constraint equation is
T++ = e
−2φ(4∂+φ∂+ρ− 2∂2+φ) +
1
2
N∑
i=1
∂+fi∂+fi
−N
12
(∂+ρ∂+ρ− ∂2+ρ) + t+ = 0,
(3.52)
and a similar equation holds for T−−.
An immediately obvious feature of (3.50) and (3.51) is [23,35] that
(
1− N
12
e2φ
)
on the
left hand side vanishes at the critical value of the dilaton field:
φcr =
1
2
ln
12
N
. (3.53)
Unless the right hand sides of (3.50) and (3.51) vanish when φ reaches φcr the second
derivatives of ρ and φ will have to diverge. While the RHS of (3.50) and (3.51) do vanish
for the vacuum (3.10), this will not be the case for perturbations of the vacuum, and
singularities will occur. These singularities can be viewed as a quantum version of the
classical black hole singularities [23]. Classical singularities occur when the area e−2φ goes
5 Including those from the ghost-gravity measure.
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to zero along a spacelike line, quantum singularities occur when the quantum corrected
area, (e−2φ − N
12
), goes to zero.
It is important to stress that the large-N approximation can not be trusted in regions
where the fields themselves grow to be of order N . In particular the semiclassical equations
must break down before the singularity is reached, and one cannot reliably conclude that
a real singularity does indeed exist (though we shall continue to refer to the regions where
the large-N approximation breaks down as a singularity). To probe the region near the
singularity requires a more complete treatment of the quantum theory.
To see the singularity explicitly, consider a matter shock wave at x+0 as given by
equation (3.23). Beneath the shock wave (x+ < x+0 ), the geometry is the vacuum. The
equations imply that ρ and φ, but not their first derivatives ∂+ρ and ∂+φ, are continuous
across the shock wave. The geometry above the shock wave can then be perturbatively
computed in a Taylor expansion about the shock wave. One finds that just above the
shock wave [23,35]
∂+φ(x
+
0 , x
−) =
1
2x+0

 M/λ2√(
λx+0 x
−
)2
+Nx+0 x
−/12
− 1

 , (3.54)
where by continuity φ(x+0 , x
−) is given by its vacuum value −12 ln(−λ2x+0 x−) .
There are two notable features of this expression. The first is that ∂+φ diverges when
the shock wave crosses the timelike line in the vacuum where φ = φcr. Before diverging,
however, it must cross zero at an earlier value x−H of x
−. This point marks the beginning
of an apparent horizon, as defined in (3.5). Behind this horizon and above the shock wave
there is a region of trapped points, or an apparent black hole. The singularity at φ = φcr
is thus inside an apparent black hole.
In a region of trapped points lines of constant φ are spacelike. Therefore the singularity
at φ = φcr leaves the shock wave on a spacelike trajectory. It can also be seen analytically
[23] that the apparent horizon leaves the shock wave on a timelike trajectory, corresponding
to the fact that the black hole is radiating and shrinking.
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Fig. 8: Numerical simulation of black hole formation and evaporation from ref-
erence [36]. Initial conditions are specified along the left and lower boundaries of
the plot corresponding to a null M = .5 shock wave along the left boundary. The
coordinates are τ± = σ
± of equation (3.19). The contours depict lines of constant
φ (the rippled dashes are an artifact of the plotting routine). The interior of the
black hole is the region where these lines slope downward to the right, and the
apparent horizon is the boundary of this region.
Numerical work is required to obtain the complete spacetime geometry [37,38,36,39],
illustrated in fig. 8 and fig. 9. The apparent horizon continues to recede due to Hawking
emission. After a finite proper time it meets the singularity curve at the endpoint, where
the black hole has shrunk to zero size and the equations break down.
In order to continue to the causal future of the endpoint further physical input, such
as a boundary condition, is required. This is best discussed in the context of improved
“soluble” models, as will be discussed in the following two sections. However we have
already learned one important lesson. When the black hole reaches zero size, its interior
is still large in the sense that much of the left-moving incoming quantum state from I−
evolves directly into the black hole, and has not been scattered up to I+. This feature is
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Fig. 9: A plot from [36] of the singularity line φ = φcr and the apparent horizon
line ∂+φ = 0 for step sizes dτ ranging between 4 ·10
−3 and 6.25 ·10−5. It is evident
that the curves converge.
not specific to the model discussed here [40], and will be important when we discuss the
information puzzle in Section 4.
3.9. Conformal Invariance and Generalizations of Dilaton Gravity
The quantization of dilaton gravity discussed in the previous sections, is not unique. If
the quantum theory is defined as an expansion in e2φ, there are new finite, renormalizable,
counterterms at every order in perturbation theory. For example at nth order there is the
term e2(n−1)φ(∇φ)2. While some important constraints on these terms will be discussed,
they are far from being completely fixed.
One elementary constraint is that the theory should have a stable ground state. In
fact it is quite easy to destabilize the ground state in the process of adding terms to the
action. General criteria for the existence of a positive energy theorem are discussed in [41].
Further properties of the quantum theory follow from the connection between two-
dimensional gravity and conformal field theory [42,43,44,45]. This connection is best un-
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derstood by quantizing the theory in conformal gauge:
g+− = −1
2
e2ρ,
g++ = g−− = 0.
(3.55)
This gauge leaves unfixed a group of residual diffeomorphisms for which
δg++ = ∇+ζ+ = g+−∂+ζ− = 0,
δg−− = ∇−ζ− = g+−∂−ζ+ = 0.
(3.56)
These equations imply
ζ± = ζ±(σ±), (3.57)
and that the residual diffeomorphisms generate the conformal group. Correspondingly the
moments of T++ and T−− generate Virasoro algebras.
Invariance of the quantum theory under the residual symmetry group can be insured,
for example, by constructing a BRST chargeQ which obeysQ2 = 0 and identifying physical
states as Q - cohomology classes.
At this point it should be clear that – although a slightly different set of words is being
used – what is being constructed here is a c = 26 conformally invariant sigma model with
ρ, φ and fi as fields living in an N + 2 dimensional target space. If one demands that the
matter fields fi constitute a free c = N conformal field theory, then the ρ, φ sigma model
must be conformally invariant with c = 26−N .
Letting Xµ = (ρ, φ), the ρ, φ sigma model can be written in the form:
S = − 1
2π
∫
d2x
√
−gˆ[Gµν∇Xµ∇Xν + 1
2
ΦRˆ+ T ], (3.58)
gˆ here is a fiducial metric and G, Φ and T are functions of Xµ. The couplings G,Φ and T
are severely restricted by conformal invariance. Namely, the beta functions must vanish:
0 = βGµν = 2∇µ∇νΦ+Rµν + · · · ,
0 = βΦ = (∇Φ)2 − 1
2
∇2Φ+ N − 24
3
+ · · · ,
0 = βT = −2∇Φ · ∇T + 8T +∇2T + · · · ,
(3.59)
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where R is the curvature of G. These equations are indeed obeyed, to leading order in
1/N , by the G,Φ and T implicit in (3.47). While conformal invariance severely constrains
the quantum theory, there are still an infinite number of solutions. This may be viewed as
an initial data problem in which initial data is specified as a function of φ at fixed ρ, and
the beta function equations are then used to solve for G,Φ and T at every value of ρ.
In order to correspond to the theory of dilaton gravity that we are interested in, the
values of G, Φ and T at weak coupling (φ→−∞) should agree with those implicit in (3.6).
One particularly interesting set of values will be discussed in the next section.
3.10. The Soluble RST Model
In the preceding section it was argued that there are an infinite number of inequivalent
theories of dilaton gravity, all of which reduce to (3.6) at weak coupling. For large ranges of
parameter values, these inequivalent theories have qualitatively similar physical behavior:
The existence of black holes does not depend in a sensitive manner on details of the
couplings. However, it was pointed out by d’Alwis [43] and Bilal and Callan [44] (see also
[45,46]) that for very special values of the couplings, the theory becomes exactly soluble.
A particularly elegant and simple model of this type was discovered by Russo, Susskind,
and Thorlacius [5], as follows.
The classical action for the RST model is, in conformal gauge,
Scl =
1
π
∫
d2x
[
(2e−2φ − N
12
φ)∂+∂−ρ
+ e−2φ(λ2e2ρ − 4∂+φ∂−φ) + 1
2
N∑
i=1
∂+fi∂−fi
]
,
(3.60)
where ρ is the conformal factor, φ is the dilaton and fi are N scalar matter fields. This
differs from the classical action (3.6) by the second term, which is proportional to N/12.
It is convenient to define6
Ω =
12
N
e−2φ +
φ
2
+
1
4
ln
N
48
,
χ =
12
N
e−2φ + ρ− φ
2
− 1
4
ln
N
3
.
(3.61)
6 Our conventions differ slightly from [5]. They are chosen so that χ and Ω are held fixed as
N is taken to infinity.
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In the large-N limit, with χ and Ω held fixed, the quantum effective action is then
S =
1
π
∫
d2x
[
N
12
(−∂−χ∂+χ+ ∂+Ω∂−Ω+ λ2e2χ−2Ω) + 1
2
N∑
i=1
∂+fi∂−fi
]
. (3.62)
When rewritten in terms of ρ and φ, (3.62) is seen to differ from the classical action (3.60)
by the term N
12
∂+ρ∂−ρ responsible for Hawking radiation. (The effects of ghosts may be
ignored in the large-N limit.) (3.62) describes a conformally invariant field theory. In fact
the theory described by (3.62) can be exactly solved as a conformal field theory without
restriction to the large N limit. Unfortunately we shall see below that certain boundary
conditions must be imposed, which prevent exact solubility outside of the large N limit.
Attempts to solve the full theory with boundary conditions when N = 24 can be found in
[47].
The residual conformal gauge invariance (3.56) remains unfixed in (3.62). We fix this
by the “Kruskal gauge” choice
χ = Ω , (3.63)
which implies
ρ = φ+
1
2
ln
N
12
. (3.64)
In Kruskal gauge the equations of motion are simply
∂+∂−Ω = −λ2 , (3.65)
and the constraints reduce to
∂2±Ω = −Tˆ±± , (3.66)
where
Tˆ±± =
6
N
N∑
i=1
∂±fi∂±fi + tˆ± . (3.67)
The functions tˆ±(x
±) are fixed by boundary conditions, and the normalizations are chosen
so that N scales out of the final equations.
The linear dilaton vacuum solution
φ = −1
2
ln
[
−λ2Nx+x−
12
]
, (3.68)
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tˆ0± = −
1
4(x±)2
, (3.69)
corresponds to
Ω = −λ2x+x− − 1
4
ln[−4λ2x+x−] . (3.70)
The solution corresponding to general incoming matter from I− is
Ω = −λ2x+(x− + 1
λ2
P+(x
+)) +
1
λ
M(x+)
− 1
4
ln[−4λ2x+x−],
(3.71)
where
M(x+) = λ
∫ x+
0
dx˜+x˜+(Tˆ++ − tˆ0+),
P+(x
+) =
∫ x+
0
dx˜+(Tˆ++ − tˆ0+) .
(3.72)
and tˆ− = tˆ
0
−. By transforming back to ρ, φ variables it can be seen for large M that this
corresponds at early times to a black hole which forms and evaporates.
However, the late-time behavior of (3.71) is unphysical. Viewed as a function of φ, Ω
has a minimum at
φcr = −1
2
ln
N
48
,
Ωcr =
1
4
.
(3.73)
There is no real value of φ corresponding to Ω < Ωcr. At late times the the solution
(3.71) evolves in to this region. Ω = Ωcr should be regarded as the analog of the origin of
radial coordinates and the end of the spacetime, rather than continuing to negative radius.
Reflecting boundary conditions, consistent with energy conservation should be imposed.
RST accordingly require
fi|Ω=Ωcr = 0 ,
∂±Ω|Ω=Ωcr = 0 .
(3.74)
The line Ω = Ωcr along which the boundary conditions are imposed undergoes dynamical
motion in the x+, x− plane. Of course this boundary line could be moved to a fixed
timelike coordinate line e.g. x+ = x− by a conformal transformation. However, this would
be incompatible with Kruskal gauge and does not simplify the analysis.
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Actually, subsequent to the work of RST, it was realized that the boundary conditions
(3.74) are not conformally invariant even to leading order in 1/N [48,49]. Conformally in-
variant boundary conditions do exist [48]. They differ from (3.74) by terms proportional
to ∂2+xˆ
−(x+), where xˆ−(x+) is the boundary curve, on the RHS of the Ω boundary con-
dition. These corrected boundary conditions lead to qualitatively similar conclusions (in
the present context) and are somewhat more complicated. Thus for our present purposes
it is simplest to stick with (3.74).
It follows from the equations of motion that the boundary curve xˆ−(x+) obeys
λ2∂+xˆ
−(x+) = −∂+P+(x+) + 1
4(x+)2
. (3.75)
If ∂+P+ is small enough, the right hand side is positive and the boundary curve is a timelike
line. No black holes are formed: incoming matter is benignly reflected up to future null
infinity. A similar behavior occurs in four-dimensional general relativity in that sufficiently
weak scalar S-waves can simply pass through the origin without collapse.
On the other hand, if ∂+P+ exceeds the critical value 1/4(x
+)2, the boundary curve
turns to the right (towards spatial infinity) and becomes spacelike as in the shock wave
geometry of fig. 6. It can be seen that the scalar curvature diverges along the spacelike
segments of the boundary curve. It is not possible to implement the boundary condition
(3.74) along these segments. Such spacelike boundary segments necessarily bound regions
of future trapped points where ∂+Ω < and ∂−Ω < 0, which is the interior of a black
hole. Thus these spacelike singularities resemble in every way the singularities inside four-
dimensional black holes.
The trajectory of a spacelike segment of the boundary curve is determined, not by
boundary conditions, but by the initial conditions on I−. If the incoming energy is finite,
the boundary curve will eventually revert to a timelike trajectory. This is the “endpoint”
at which the future apparent horizon—the boundary dividing the regions ∂+Ω > 0 and
∂+Ω < 0—meets the singularity, and the black hole has evaporated to zero size. After the
endpoint the boundary conditions (3.74) are immediately imposed. The analytic solution
is given in [5] and the Penrose diagram depicted in fig. 10.
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In conclusion, the RST model embodies all the features of black hole evaporation
anticipated by Hawking. Black holes form and evaporate in a finite time, leaving nothing
behind. Information is lost behind a global event horizon.
For a time, many people (including the author) interpreted the RST construction as
strong evidence for the existence of fully consistent theories of quantum gravity which
destroy information. However, rather recently it was realized [6] that the RST model is
in fact inconsistent even at large N .7 The problem is that there is actually an infinite
energy “thunderbolt” (denoted by the thin dashed line in fig. 10) which emanates from
the endpoint and is associated with the mismatch of the quantum state of the matter fields
above and below the null line x− = x−E emanating from the endpoint toward I+. To see
this consider the two point function,
G(ǫ) ≡ 〈f−(x−E + ǫ)f−(x−E − ǫ)〉 , (3.76)
of two right-moving matter fields just above and below the thunderbolt. The reflecting
boundary conditions (3.74) can be used to relate this to a two point function of incoming
left-moving fields back on I−. The image point of x−E + ǫ is obtained by reflection off the
post-black-hole boundary segment, while the image point of x−E−ǫ is obtained by reflection
off the pre-black-hole boundary segment, leading to
G(ǫ) =
〈
f+
( x+E
1− 4λ2x+Eǫ
)
f+
( x+E
1 + 4x+E(P+ + λ
2ǫ)
)〉
, (3.77)
where P+ ≡ P+(∞) is the total incoming Kruskal momentum. These image points do not
approach one another on I− and G(ǫ) is non-singular as ǫ→ 0
G(ǫ)→ ln(x+E − x+E1 + 4x+EP+
)
. (3.78)
This is very strange behavior for the two point function on I+: in any smooth state,
the two-point function should diverge logarithmically as the points approach one another.
Any state for which this is not the case must differ at arbitrarily high frequencies from the
7 This problem goes beyond the one mentioned below (3.74), which is fixed in reference [48].
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vacuum, and have correspondingly infinite energy.8 Thus an infinite-energy thunderbolt
emanates from the endpoint9, and the RST model badly fails to conserve energy.
In sections 4.7 and 4.8 we will discuss how this problem can be fixed. We shall argue
that a proper, energy-conserving implementation of the endpoint boundary condition leads
to a radically different picture, in which information is not lost after all, but is rescued
from the black hole interior and reradiated up to I+.
4. The Information Puzzle in Four Dimensions
In the previous sections we studied black hole formation and evaporation in detail in
a two-dimensional model using a semiclassical expansion. We found that black holes form
and evaporate, and eventually approach a singular region which is the quantum cousin of
the classical black hole singularity. New physical input is required to continue past the
singularity. One proposal for such is the endpoint boundary condition of the RST model.
Corrections to the semiclassical expansion were suppressed by powers of 1/N . Armed with
this sharpened insight, we now turn to four dimensions and the information puzzle.
How similar is the four-dimensional problem to the two-dimensional problem? A 1/N
expansion of gravity coupled to matter fields is also possible in four dimensions[51]. At
leading order one finds that quantum fluctuations of the gravitational field are suppressed,
and that the quantum state of all the fields is a coherent state governed by semiclassical
equations. At subleading order some kind of finite cutoff will be needed because of the
nonrenormalizability of quantum gravity. However the cutoff-dependence should be small
as long as the local curvatures are small, as in any process involving weak gravitational
fields. The real problem is that even the leading-N semiclassical equations are far too
complicated to solve analytically (although some numerical headway has recently been
made in [52]). The best one can do is understand their qualitative behavior. The main
features are clear: Large black holes can be formed in an essentially classical manner. They
8 This phenomenon was first noticed by Anderson and DeWitt [50], and will be discussed in
more generality in Section 4.6.
9 This is distinct from the finite-energy thunderpop discussed in [5].
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Fig. 10: Collapsing radiation forms a large apparent black hole (shaded region)
which evaporates, shrinks down to r = 0 at xE , and subsequently disappears. This
is Hawking’s picture of four-dimensional black hole evaporation. It is explicitly
realized in the RST model, for which r = 0 corresponds to φ = φcr, and there
is an energy non-conserving “thunderbolt” emanated from xE to I
+ along the
thin dashed line. The spacelike surface Σ (thick dashed line) is placed so that it
intersects the apparent horizon after the black hole has lost almost all of its initial
mass, yet is still well above the Planck mass so that the curvatures everywhere on
and in the past of Σ are subplanckian.
then slowly emit Hawking radiation and - by energy conservation - simultaneously shrink.
Ultimately they become planckian and the approximations break down.
Of course in the real world N takes some fixed value, and it may not be correct to
treat N as large. Nevertheless the semiclassical expansion can still be controlled in some
regions by an expansion in 1/M , where M is the black hole mass. The expansion will then
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break down when curvatures become large and M shrinks down to the Planck mass Mp
(at large N one can continue on to Mp/N). This takes us up to the surface Σ in fig. 10.
Further input is required to go much beyond Σ. In the next subsection we will discuss the
information flow prior to Σ. Following that we will discuss the possibilities for what may
happen beyond Σ.
4.1. Can the Information Come Out Before the Endpoint?
A central question in discussions of the information problem is as follows. Consider
an incoming state which collapses to form a large, macroscopic black hole. Is detailed
information about the matter which collapsed to form the black hole available outside the
apparent horizon before the black hole becomes planckian and the semiclassical expansion
breaks down? To make this question more precise, consider the spacelike slice Σ depicted
in fig. 10. This slice begins at the origin, leaves the black hole at a time when most of
the initially large mass has evaporated but it is still well above the Planck mass, and
then continues out to spatial infinity. The region outside of the black hole contains the
Hawking radiation emitted by the black hole over its long lifetime. The local curvatures
on and everywhere in the past of this slice are subplanckian. One therefore expects that
quantum gravity is unimportant, quantum fluctuations of the metric are small, and that
semiclassical calculations are reliable for calculating the quantum state ψΣ on Σ. Of
course, ψΣ is a pure state obtained by unitary evolution from I− to Σ. However, not all
the information in ψΣ is accessible to observers outside of the black hole. Let us formally
divide the Hilbert space on Σ into portions ψext and ψint exterior and interior to the black
hole
ψΣ =
∑
ij
aijψ
ext
i ψ
int
j . (4.1)
Observations outside the black hole are then determined by the exterior density matrix
obtained by tracing over the interior Hilbert space
ρext =
∑
ijk
a∗ikajkψ
∗ext
i ψ
ext
j . (4.2)
In particular ρext contains all information about the quantum state of the Hawking radi-
ation emitted prior to Σ.
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The question now is, given the quantum state (4.2) outside the black hole, can the
incoming state from I− be (almost completely) reconstructed? If so then one would say
that the information is outside the black hole.
The impossibility of such a reconstruction follows from the impossibility of quantum
xeroxing or quantum bleaching.10 A quantum xerox machine takes any incoming state |A〉
into two copies of itself
|A〉 → |A〉 ⊗ |A〉 . (4.3)
One might hope that the evaporating black hole acted as a quantum xerox machine, en-
coding the information that falls in to the black hole in the Hawking radiation outside
the black hole. The interior and exterior quantum state on Σ could then both be uni-
tary transformations of the incoming state, and the initial state could be determined from
measurements either inside or outside the black hole.
This is impossible because quantum xeroxing violates the superposition principle. If
|A〉 → |A〉 ⊗ |A〉 , (4.4)
and
|B〉 → |B〉 ⊗ |B〉 , (4.5)
then the superposition principle implies
|A〉+ |B〉 → |A〉 ⊗ |A〉+ |B〉 ⊗ |B〉
6= (|A〉+ |B〉)⊗ (|A〉+ |B〉) .
(4.6)
so the information can not be both inside and outside the black hole at a given time.
One may still hope that the information is outside the black hole. As just argued, if
it is outside, it is not inside, so the interior must be in a unique quantum state which has
been “quantum bleached” of all information about the initial state. This is unreasonable.
10 The following argument is of course essentially due to Hawking, but the version presented
here recapitulates conversations held at the 1992 Aspen Conference on Quantum Aspects of Black
Holes, and follows a lucid and more detailed presentation of Preskill [53].
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In smooth coordinates11, the horizon is a smooth place at which all curvatures are sub-
planckian. There are no guards stationed there which strip intruders of all information.
Surely some information can be carried across the horizon, and quantum bleaching can
not occur.
We accordingly reach the conclusion that information indeed falls into the black hole,
and does not get out before the black hole becomes planckian.
A quantitative measure of the lost information is given by the entropy of ρext
Sext = −trρext ln ρext . (4.7)
Sext depends only on the two sphere (on the apparent horizon) at which Σ is divided into
interior and exterior portions, and not on the shape of the rest of Σ (because deformations
of Σ which leave its intersection with the horizon fixed correspond to unitary transfor-
mations of ρext). Sext is non-zero due to correlations between the interior and exterior
portions of the quantum state ψΣ. As argued by Hawking, the Hawking radiation outside
the black hole looks thermal when its correlations with the internal quantum state are
ignored. The value of Sext can then be estimated by integrating standard formulae for
blackbody radiation over the black hole lifetime. This gives (in four dimensions) [54]
Sext ∼ 16πM
2
3
. (4.8)
In two dimensions this can be made very precise [11]. Sext has been computed exactly
[11] at large N in the RST model12, where backreaction effects are incorporated. It is
given by 2piMλ (plus subleading in
1
M corrections which can be found in [11]). Taking into
account the difference between two- and four-dimensional thermodynamics, this exact large
N calculation agrees with the estimate (4.8) based on adiabatic reasoning. In particular,
11 Of course there are coordinate systems (such as Schwarzchild) in which the horizon appears
singular and in such coordinates it is not obvious that quantum bleaching can not occur. However
coordinate invariance, together with the existence of coordinate systems which are regular at
the horizon, implies that the horizon is a truly non-singular place in both the classical and the
quantum theories.
12 The troubles with the RST model discussed in section 3.10 do not affect this computation,
as Σ is prior to the endpoint.
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this calculation shows that at least in two dimensions inclusion of back reaction does not
significantly alter the information content of the Hawking radiation, as had been previously
advocated by some authors.
Despite the plausibility of the preceding arguments that information falls into a black
hole and does not leave it before the black hole becomes planckian, they have been
repeatedly questioned. The most frequently raised objection to these arguments is as
follows[55,56,57,47]. Consider a typical quantum of Hawking radiation on the portion of Σ
outside the black hole. This quantum started out life as a virtual mode of the vacuum on
I− which is eventually scattered into a quantum of real radiation via interactions with the
gravitational field. A typical such mode will be redshifted over a long period during which
it hovers near the horizon The energy of the mode on I− is accordingly related to the en-
ergy of the Hawking quanta on Σ by an enormous blueshift factor, of order e16piM
2/3. Thus
we apparently need to understand the incoming state at incredibly short, ultra-planckian
distances in order just to find the quantum state of ordinary Hawking modes on Σ. Low-
energy reasoning is therefore inadequate for determining how much information is outside
the black hole.13
This reasoning is incorrect in general14. To see why, consider a closed, flat universe
with matter fields in their vacuum state for t < 0. Next let the universe slowly expand at
a rate H for 0 < t < t0, where t0 is a very long time, and then turn off the expansion.
Can the low-energy part of the quantum state of the matter field be found for t > 0
without solving ultra-planckian dynamics? Field modes with energy E for t > t0 started
out life as modes with energies of order eHt0E . For very long t0, low-energy modes at t > t0
will have started out life as ultra-planckian modes for t < 0, even if H is small. Thus,
according to the preceding argument, the low-energy quantum state for t > t0 cannot be
found without analyzing Planck-scale physics.
13 The energy per quanta is suppressed by a factor of 1/N in a 1/N expansion, so this objection
does not apply to large N theories. Nevertheless it would suggest that the 1/N expansion could
break down sooner than anticipated, and would lead one to question the physical relevance of the
large N approximation.
14 The remainder of this subsection is based on extended conversations with J. Polchinski, E.
Verlinde, and the Les Houches summer school students.
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In fact – as might be intuitively obvious – the post-expansion state can be found,
using the adiabatic theorem, without solving Planck-scale physics15. Matter energy is not
conserved during 0 < t < t0 because the matter Hamiltonian is time dependent due to
the background expansion. However, the scale of energy violation is given by H. So only
modes with energies of order H can be kicked out of their ground state and acquire life
as real quanta. An ultra-planckian mode enters the region t > 0 in its vacuum state. It
remains there until it is redshifted down to the scale H, at which point it may become
excited by interactions with the background geometry. The adiabatic theorem gives us
all the information we need about these ultra-planckian quanta at t < 0: they remain in
their adiabatic ground state until they are redshifted down to the scale given by the local
rate of change of the background geometry. This example (together with several others)
is explicitly worked out in Birrel and Davies [9].
An even simpler example, which does not involve gravity, is as follows. Consider a
box with reflecting walls of initial size L3 with interior fields in their ground state. Now
expand the box very slowly until it reaches the size (γL)3. For a fixed, slow expansion
rate, γ can be made as large as one wishes by just continuing the expansion for a long
time. Post-expansion modes of frequency ω started out life as (possibly ultra-planckian)
modes of frequency γω. One might jump to the false conclusion that Planck scale physics is
therefore required to determine the final quantum state of the box. The adiabatic theorem
guarantees that this is not the case. Indeed, if it were the case, there would be no need for
the LHC at CERN: Physics above the weak scale could be cheaply explored with expanding
boxes!
The black hole case is more involved than these examples, but qualitatively similar.
It is possible to find a set of smooth spacelike slices, labeled by a time T , which begin just
above I− and culminate at Σ. The slices can be arranged so that the intrinsic curvature is
everywhere subplanckian. The quantum state of the high-energy modes on each of these
slices is then the adiabatic ground state. The energy of these modes (as measured by
15 The notion of an adiabatic vacuum for a slowly varying spacetime was introduced by Parker
[58] and the adiabatic approximation was developed in the 70’s. A review with references can be
found in [9].
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T ) is slowly redshifted as the black hole evolves. Modes do not get excited until their
wavelengths reach the scale set by the evolving black hole geometry. The full quantum
state of subplanckian modes on Σ can thus be found without recourse to planckian physics.
Having said this it is important to add that, as emphasized in [55], to date every
explicit calculation of Hawking evaporation involves a reference to high frequencies at
some stage in the calculation. In practice it is awkward to adapt the calculation to the
adiabatic time slicing. In four dimensions it is probably impossible in practice. In two
dimensions such an explicit calculation may be feasible, but has not been carried out. It
would certainly be of great interest to do so.
Of course it is a logical possibility that, even though the low-energy analysis is self-
consistent and does not predict its own demise, that there are nevertheless corrections
from Planck scale physics which become important for reasons which are peculiar to black
holes. That is, while the low-energy laws of physics are of course capable of describing all
low-energy phenomena observed so far, it is possible that black hole dynamics are strange
enough that new corrections to those laws, unobservable elsewhere, come in to play. This
point of view is advocated in [57], wherein it is argued that string theory is required to
understand the information flow, even before the geometry becomes planckian. Our view
is that new laws of physics should not be invoked to explain a phenomenon unless it cannot
be understood in the context of the old ones. We will argue below that there is a self-
consistent resolution of the information puzzle which does not require the intervention of
planckian dynamics in low-energy processes.
In conclusion, the full quantum state, and in particular the flow of information, can be
consistently analyzed with low-energy effective theory up until the time that the black hole
becomes very small and the curvature becomes planckian. It is seen that a large portion
of the information in the initial state remains within the black hole up until this time. If
all the information is going to appear outside the black hole, it must do so after this time.
How or if this might happen will be discussed in the following sections.
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4.2. Low-Energy Effective Descriptions of the Planckian Endpoint
In the preceding it has been argued that the low-energy laws of physics are sufficient
for understanding the evolution of an evaporating black hole as long as it is much larger
than the Planck length. However eventually it must shrink down to the Planck size, and
quantum gravity must be solved to continue the evolution in detail. We refer to this
point as the endpoint (because it is the endpoint of the semiclassical evolution), even
though the system may still undergo further evolution. As quantum gravity is poorly
understood, it might seem that one should simply give up on the problem past the endpoint.
However, it still makes sense to ask what a low-energy experimentalist who makes black
holes and measures the outgoing radiation could observe, and to try to describe this by
some kind of effective dynamics. It should be possible to summarize our ignorance about
Planck scale physics in a phenomenological boundary condition (or generalization thereof)
which governs how low-energy quanta enter or exit the planckian regions at and after the
endpoint.
In principle this effective description should be derived by a coarse-graining procedure
from a complete theory of quantum gravity such as string theory. But this is not feasible
in practice. Instead we shall consider all the different possible descriptions, and find that
they can be highly constrained by low-energy considerations alone.
A classic example of this type of approach is the analysis of the Callan-Rubakov effect
[59,60], in which charged S-wave fermions are scattered off of a GUT magnetic monopole.
Even at energies well below the GUT scale, the scattering cannot be directly computed
from a low-energy effective field theory, because the fermions are inexorably compressed
into a small region in the monopole core in which GUT interactions become important.
Initially the GUT scale physics was analyzed in some detail. The results were then coarse-
grained and summarized in an effective boundary condition for fermion scattering at the
origin. It was subsequently realized that the detailed GUT scale analysis was largely
unnecessary for understanding the low-energy scattering: up to a few free parameters (a
matrix in flavor space) the effective description is determined by low-energy symmetries.
In the following sections we turn to the black hole problem with this philosophy in
mind, and consider all the possible effective descriptions. As in the Callan-Rubakov effect,
we shall find that the possibilities are extremely constrained just by self-consistency of the
low-energy theory.
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4.3. Remnants?
One logically possible outcome of gravitational collapse is that planckian physics shuts
off the Hawking radiation when the black hole reaches the Planck mass, and the information
about the initial state is eternally stored in a planckian remnant. As there are infinite
numbers of ways of forming black holes and letting them evaporate, this remnant must
have an infinite number of quantum states in order to encode the information in the initial
state. In an effective field theory these remnants would resemble an infinite number of
species of stable particles, and be governed by an effective lagrangian of the form
Leff = −
∞∑
i=0
(
(∇φi)2 +M2pφ2i + ...
)
. (4.9)
The operators φi create and annihilate a remnant in the i’th state. The +... represents
interaction terms which we shall argue below must be quite important.
This raises the so-called “pair-production problem”. Since the remnants carry mass16,
it must be possible to pair-produce them in a gravitational field. Naively (ignoring the in-
teractions in (4.9)) the total pair-production rate is proportional to the number of remnant
species, and therefore infinite. It is easy to hide a Planck-mass particle, but it is hard to
hide an infinite number of them. Thus it would seem that remnants can be experimentally
ruled out by the observed absence of copious pair-production.
However this formal argument is at odds with an explicit semiclassical calculation [61]
of the pair production rate. The specific process considered in [61] was the production of
charged Reissner-Nordstrom black holes in an electromagnetic field, so we first mention
some pertinent facts about charged black holes. The Hawking evaporation of a charged
black hole, unlike that of a neutral black hole, shuts off when it reaches a finite value of
the mass M equal to the charge Q. In [62] it was shown that the charged black holes have
an infinite degeneracy of stable quantum states with M = Q, i.e. there are remnants.
For large charge, these states can (unlike their neutral planckian cousins discussed above)
be described with weakly-coupled, semiclassical perturbation theory. These states can be
created with the infinite number of ways of throwing matter in to the black hole and
16 Massless remnants would create even worse difficulties.
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then letting it Hawking evaporate back to M = Q. The precise description of the states
depends on how the spacetime is sliced. They may be viewed as (greatly redshifted) matter
excitations which are either hovering just outside the horizon (see e.g. [63]), and/or as
actually inside the horizon (see e.g. [13,62]). In any case the important point is that the
infinite degeneracy potentially leads to unacceptable rate of pair-production, so the charged
remnants provide an excellent laboratory for analyzing the pair-production problem17.
In [61] an exact euclidean instanton was found describing the pair creation process18.
The instanton is a complete, smooth geometry when (and only when) the horizons of the
oppositely-charged pair-created black holes are identified. It contains no high-curvature
planckian regions (for weak external fields). It also contains no region corresponding to
the interior of the black hole horizon.
To first approximation the pair creation rate is given by the exponential of minus the
instanton action. This is a finite number which agrees with the Schwinger result in the
appropriate limit. At next order one must compute the one-loop determinant. This has
not been explicitly computed, but it will also be finite after renormalization19 because the
geometry is everywhere smooth and there are no internal infinite-volume regions. Thus
this calculation predicts a finite rate of pair production.
So what happened to the infinite number of remnant states which were supposed to
make the rate diverge? Ordinarily the one-loop determinant counts the number of states,
so that is where a divergence might be anticipated. In fact if the theory is defined with
a cutoff, the one loop determinant will indeed have a divergence as the cutoff is removed
corresponding to the infinite number of high-frequency (but low-energy because of the
redshift) states near the horizon. However this divergence does not appear in the produc-
tion rate after renormalization. It is absorbed by renormalization of Newton’s constant:
the state-counting divergence of the one-loop determinant is precisely cancelled by the
17 This was also stressed in [64].
18 A different instanton was found in [65,66]. However this instanton contains planckian regions
and is accordingly destabilized by locally divergent one-loop corrections. It therefore cannot be
used in a semiclassical evaluation of pair-production[63].
19 Except for the usual divergence from the infinite volume of the background spacetime, which
should be subtracted off to get the production rate.
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divergence arising in the classical instanton action when it is reexpressed in terms of the
renormalized (rather than the bare) Newton’s constant20. Hence this potential divergence
in the pair production rate is eliminated in a standard fashion by renormalization.
One may also be concerned about the infinite number of states behind the black hole
horizon. These simply do not appear in the calculation: As for euclidean Schwarzchild,
the instanton is complete and smooth, but contains no region corresponding to the interior
of the horizon. So, according to this calculation, such states simply have no effect on the
pair production rate [69]. Of course, since they are causally separated from the exterior
spacetime, they also have no effect on any Lorentzian scattering process. Indeed, since
these states lie in a region causally disparate from the external spacetime, one expects that
they can be ignored and should not show up in the pair production rate. It is satisfying
that this expectation is realized in the instanton calculation of [61].
What could be wrong with the naive effective field theory argument? It is hard to
answer this question in detail because so far no one has succeeded in deriving a useful
effective field theory description of the remnant states. The naive effective field theory
argument ignores the interactions – the “+...” – in (4.9). However it appears that these
interactions must have important effects and can not be ignored. To see why, suppose [69]
we had two remnants which – unbeknownst to us – are in the same quantum state. Then,
it follows from the effective field theory (4.9) without interactions that we can discover
that they are identical in a finite time by quantum interference experiments. If this were
indeed possible, we would be learning information about the quantum state behind the
event horizon. But this violates causality, and so cannot actually be possible. We therefore
conclude that the leading term in the effective field theory in (4.9) is simply inadequate
for a qualitative or quantitative description of remnant dynamics [69]. The remnant states
can not – at least in the charged Reissner-Nordstrom case – effectively be thought of as
20 These divergences are both proportional to the area of the black hole horizon. The existence of
a term proportional to the bare Newton’s constant times the horizon area was demonstrated in [67]
with an exact computation of the classical instanton action. The fact that the cancellation occurs
in the manner described here is essentially equivalent to general arguments relating divergences
in the entropy to renormalization of Newton’s constant [68,11].
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an infinite collection of weakly interacting particle species. Remnants are a new kind of
animal: Their behavior is quite different than that of ordinary point particles.
Is there a good effective description of the type (4.9)? At present certainly not.
A proper effective description may require treating the the infinite number of remnant
states as modes in an internal remnant field theory rather than as an infinite number of
distinct particle states. This is natural because the region near and inside a black hole can
(unlike ordinary solitons) contain a large volume and many low-lying excitations. Such
a description – in which the discrete remnant species index labels momentum modes in
an internal dimension – was partially developed for charged dilaton black holes in [24].
This example has interactions among remnant states which are non-local in time along the
remnant worldline, corresponding to massless modes in the internal remnant field theory.
Effects of these interactions could alter the state counting estimate of the production rate.
Certainly more remains to be understood on this topic, and it remains controversial.
However, it is clear that the standard argument that infinite pair-production is inevitable
for all types of remnants is too naive, and arguments/calculations have been given that
in some theories the pair production rate is finite. Further discussion can be found in
[64,63,66] and the reviews [13,15].
A more inescapable objection to eternal remnants is the lack of any plausible mecha-
nism to stabilize them. In quantum mechanics what is not forbidden is compulsory. There
cannot be a conservation law forbidding remnant decay since that would also forbid rem-
nant formation. In the absence of a conservation law, it is hard to understand why matrix
elements connecting a massive remnant to the vacuum plus outgoing radiation should be
exactly zero. Nature contains no example of such unexplained zeroes. Moreover, a for-
mal representation of quantum gravity as a sum-over-geometries-and-topologies certainly
includes such processes. Eternal remnants are therefore highly unnatural.
An alternative to eternal remnants is that the “Planck soup” which forms when the
black hole reaches the Planck mass continues to radiate in a manner governed by planckian
dynamics until all the mass is dissipated. In principle, as we do not understand the
dynamics, the radiation emitted by the Planck soup could be correlated with the earlier
Hawking emissions and return all the information back out to infinity. Energy conservation
49
implies that the total energy of the radiation emitted by the Planck soup is itself of the
order of the Planck mass, and thus small relative to the initial mass of the black hole. It is
very hard to encode all the information in the initial state with this small available energy.
The only way to accomplish this is to access very low-energy, long-wavelength states, which
requires a long decay time. This leads to a lower bound of τ ∼ M4 (in Planck units) for
the decay time of the Planck soup [70,71,53]. For a macroscopic black hole this far exceeds
the lifetime of the universe. Hence, it is not possible for the information to be emitted in a
planckian burst at the end of the evaporation process. In this scenario one necessarily has
a long-lived, but not eternal, remnant. Note that our discussion required no knowledge
of planckian dynamics. This is a prime example of how low-energy considerations highly
constrain the possible outcome of gravitational collapse.
Of course, long-lived remnants are implausible without an explanation for their long
lifetime, or a mechanism for the Planck soup to reradiate the information. We shall
encounter both below.
4.4. Information Destruction?
Faced with the apparent unpalatability of remnants, Hawking argued in favor [3] of a
different possibility, depicted in fig. 11. The black hole disappears in a time of order the
Planck time after shrinking to the Planck mass, and the infalling information disappears
with it. After all, in practice, information often escapes to inaccessible regions of space-
time, even in the absence of gravity. The inclusion of gravity, Hawking argues, implies
information is lost in principle as well as in practice.
Since information is lost in this proposal, there can be no unitary S-matrix mapping
in-states to out-states. Rather, Hawking suggests that a “superscattering” matrix, denoted
“ 6S”, which maps in-density matrices (of the general form ρ =∑ ρij |ψi〉〈ψj| ) to out-density
matrices can be constructed as
6S = trBHS S† . (4.10)
6S will not in general preserve the entropy −trρ ln ρ. In components, 6S acts on an in-density
matrix as
(6S[ρ])
kl
=
( 6S) ij
kl
ρij . S here is a unitary operator which maps the in-Hilbert
space to the product of the out-Hilbert space with the Hilbert space of states which falls
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Fig. 11: Collapsing radiation forms an apparent black hole (shaded region) which
evaporates, shrinks down to r = 0 at xE , and subsequently disappears. The dashed
wavy line is the region at which Planck-scale physics becomes important, and is
just prior to the classical singularity. According to Hawking, information which
crosses the event horizon is irretrievably lost.
into the black hole (defined, for example, as quantum states on the event horizon in
fig. 11). trBH is the instruction to trace over these latter unobservable states. Expressions
of the form (4.10) are familiar in physics, and arise, for example, in the computation of
e+e− scattering in which the spins of the final state are not measured. A diagrammatic
representation of Hawking’s prescription for the case of one black hole appears in fig. 12.
It is implicit in Hawking’s proposal that the probabilistic outcome of the forma-
tion/evaporation of an isolated black hole near the spacetime location x1 can in this manner
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Fig. 12: Hawking’s rule for density matrix superscattering for single black hole
formation. The left (right) side of the diagram represents the evolution of the
ket(bra) of the density matrix. The trace over the part of the Hilbert space which
falls into the black hole is schematically represented by sewing together the left
and right black hole interiors.
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Fig. 13: Hawking’s rule for superscattering of two black holes involves two traces,
one for each black hole.
be computed from the portion of the quantum state which collapses to form the black hole.
In this case the outcome of forming a second black hole at a greatly spatially or temporally
separated location x2 is uncorrelated and the two-black hole 6S-matrix can be decomposed
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into a product of single black hole 6S-matrices (In other words, probabilities cluster.) The
corresponding diagrammatic representation of 6S for the case of two black holes is given in
fig. 13.
4.5. The Superposition Principle
In fact as it stands Hawking’s proposal is not self-consistent21. The problem arises in
its sharpest form when considering superpositions of incoming states which form black holes
at different locations. The superposition principle of course implies that such states can be
constructed. To see the problem note that there are inevitably non-zero but possibly small
quantum fluctuations in the location x1 where the black hole is formed. trBH instructs
one to trace by equating the black hole interior states of the bra and the ket in the
density matrix, independently of the precise location where the black hole is formed. Now
x1 cannot be an observable of the black hole interior Hilbert space, since by translation
invariance the interior state of the black hole does not depend on where it was formed.
Hence the trace will include contributions from black holes interiors which are in the same
quantum state, but which were formed at slightly different spacetime locations.
This phenomenon is more pronounced in initial states for which the fluctuations in
the location of the black hole are not small. Such states can certainly be constructed. For
example, let the in-state be the coherent superposition
|ψin〉 = 1√
2
(|x1〉+ |x2〉) , (4.11)
where |xi〉 is a semiclassical initial state which collapses to form a black hole near xi, and
x1 and x2 are very widely separated spacetime locations. By continuity the construction
of 6S must include terms which equate the interior black hole bra-state formed at x1 with
the ket-state formed at x2. There are then four terms in 6S as illustrated in fig. 14.
21 The arguments of this and the following section may be related to those employed in a
somewhat different context in [72] and [64].
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Fig. 14: Superscattering of an initial coherent superposition of semiclassical
states which form black holes near widely separated locations x1 and x2. The
superposition principle and translation invariance imply that all four diagrams
contribute.
It may already seem rather strange that 6S should contain such correlations between
widely separated events, but matters become even worse when one considers a semiclas-
sical initial state |x1, x2〉 which collapses to form two black holes at the widely separated
locations x1 and x2. The superposition principle then requires that the cross diagram of
fig. 15 be added to the diagram of fig. 1322. To see this, consider a smooth one-parameter
family of initial states |x1(s), x2(s)〉 in which the locations x1 and x2 are interchanged as
the parameter s runs from zero to one. Let the in-state be
|ψin〉 =
∫ 1
0
ds|x1(s), x2(s)〉 . (4.12)
22 This extra cross diagram will be small if the parts of the incoming states which form the two
black holes are very different and the black hole interiors have a correspondingly small probability
of being in the same state. On the other hand if they differ only by a translation, fig. 15 will be
similar in size to fig. 13.
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Fig. 15: The superposition principle implies that for two black holes this cross
diagram must be added to that of fig. 13, correlating widely separated experiments.
Then the diagrams of fig. 13 and fig. 15 are interchanged as s goes from 0 to 1 in the
ket-state, so neither can be invariantly excluded.
Thus the superposition principle implies that one cannot, in the manner Hawking
suggests, compute the probabilistic outcome of a single experiment in which a black hole
is formed. Knowledge of all past and future black hole formation events is apparently
required to compute the superscattering matrix (although we shall see below that this is
not as unphysical as it seems). Again, it is striking that low-energy reasoning highly con-
strains possible outcomes of black hole formation without requiring knowledge of planckian
dynamics.
Note that our conclusions about difficulties with the usual interpretation of Hawking’s
proposal have derived from consideration of superpositions of semiclassical states which
form black holes. These difficulties have not been so evident in previous discussions simply
because such superpositions are not usually considered.
4.6. Energy Conservation
Although the superposition principle is restored with the extra cross diagram of fig. 15,
correlations are introduced between arbitrarily widely separated experiments, and cluster-
ing is violated [73]. Thus we seem to be faced with a choice: abandon the superposition
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Fig. 16: When the evolution of spacelike slices (denoted by the dashed lines)
reaches the endpoint xE , the incoming slice, and the quantum state on the slice,
is split into exterior and interior portions. This splitting process will be described
using the operator ΦJ (ΦK) which annihilates (creates) an incoming (outgoing)
asymptotically flat slice in the J ′th (I ′th) quantum state and Φi which creates an
interior slice in the i′th quantum state.
principle or abandon clustering. In fact we shall see below that the breakdown of clustering
is a blessing in disguise, but first we need to introduce a second refinement of Hawking’s
prescription required by energy conservation23.
In computing the 6S-matrix, complete spacelike slices are split into interior and exterior
portions when they encounter the evaporation endpoint at xE , as illustrated in fig. 16.
One imagines that the Hilbert space on these slices is also split into the product of two
corresponding interior and exterior Hilbert spaces. This requires some new boundary
conditions originating at xE (as in the RST model) : an incoming light ray just prior to
xE falls into the black hole, while an incoming light ray just after xE reflects through the
23 I am grateful to S. Giddings for emphasizing to me the importance of understanding energy
conservation in this context.
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Fig. 17: Anderson and DeWitt studied a free field propagating on a geometry
which is split into two at time t = ts by reflecting boundary conditions at x =
0. The sudden change in the Hamiltonian produces infinite energy pulses which
propagate along the dashed lines.
origin and back out to null infinity. Implementing this in practice immediately runs afoul
of the Anderson-DeWitt [50] problem. These authors considered the propagation of a free
conformal field in 1 + 1 dimensions on the trousers spacetime of fig. 17 in which (as in
the black hole case) spacelike slices are split into two portions at some fixed time ts, when
reflecting boundary conditions are turned on at x = 0. They find that the vacuum state
for t < ts evolves to a state with infinite energy for t > ts. This is not surprising since the
Hamiltonian changes at an infinite rate at t = ts.
This phenomenon is not peculiar to two dimensions. A change in the Hamiltonian
in the form of new boundary conditions at a fixed spacetime location violates general co-
variance and therefore energy conservation. This problem should be expected to affect the
separation of Hilbert space into interior and exterior portions at the evaporation endpoint
xE for the black hole case. Indeed the most concrete description given of this splitting
process — that in the 1+1 dimensional RST model [5]— suffers from exactly this problem
as discussed in 3.10. Energy is not conserved in this model because the quantum state of
the matter field acquires infinite energy as it is propagated past xE [6].
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Fig. 18: A cosmic string decays into two pieces which end at monopoles. This
process conserves energy, and the decay Hamiltonian involves the fields φJ which
annihilates the incoming string and φI , φK which create the two outgoing strings.
To remedy this, a smooth energy-conserving method of splitting the incoming Hilbert
space into two portions is needed. A physical example of a system which exhibits such
a smooth splitting is given by cosmic string decay. Consider, e.g. a magnetic flux tube
described by a Nielsen-Olesen vortex. At low energies it is described by a 1+1 dimensional
quantum field theory whose massless fields are the transverse excitations X(σ) of the
string. Next suppose that the string can decay by the formation of a heavy monopole-anti-
monopole pair which divides the string into two parts. Clearly such a process can occur
and will conserve energy. It cannot, however, be simply described by propagating the 1+1
dimensional fields on the fixed geometry of fig. 17 (or superpositions thereof), as analyzed
by Anderson and DeWitt. Rather, the decay rate depends on the final state after the split
through initial and final wave function overlaps appearing in decay matrix elements, and
the decay time is thus correlated with the quantum states on the two final strings. This
decay process may be conveniently and approximately (at low energies) described by the
interaction Hamiltonian (see fig. 18)
Hint =
∑
I,J,K
g ρIJKφIφJφK . (4.13)
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In an appropriate basis, the mode of the field operator
φI = aI + a
†
I (4.14)
here creates or annihilates (from nothing) an entire string in the I’th quantum state with
wave function uI [X(σ)], and [aI , a
†
J ] = δIJ . We emphasize that φI is not an operator which
acts on the single-string Hilbert space. ρIJK is the overlap of the one initial and two final
state wave functions uI , uJ , uK for strings aligned as in fig. 18. g is an effective low-energy
coupling constant governing the decay rate, in which our ignorance of the microscopic
details of the splitting interaction is hidden.
Despite many efforts, no other method of avoiding the Anderson-DeWitt problem is
known. We accordingly presume that the disappearance of a black hole is properly viewed
as a quantum decay process in which the black hole interior and exterior are separated. We
cannot derive this presumption without solving quantum gravity. Nevertheless, it appears
to be forced on us by low-energy considerations. We know of no other consistent effective
description.
In this picture the decay does not then occur instantaneously when the semiclassical
evaporation endpoint xE is reached. Rather the geometry itself decides when to split (some
time after xE) in a quantum mechanical fashion, controlled by the effective decay coupling
constant as well as phase space factors appearing in initial/final wave function overlaps.
The precise splitting time, like all other quantities, is then subject to quantum fluctuations
and correlated with the final state.
4.7. The New Rules
We have proposed two modifications of Hawking’s prescription: the inclusion of cross
diagrams as in fig. 15 and the description of the final stages of black hole evaporation as
a quantum decay. We shall see that these modifications have dramatic consequences. In
order to understand these consequences, it is useful to note that the modified scattering
rules are concisely summarized by the tree diagrams24 of the theory defined by
i∂T |ψ(T )〉 = (H0 +Hint〉|ψ(T )〉, (4.15)
24 The loop diagrams may be suppressed by adjusting coupling constants, as in wormhole
physics. A discussion of this and the effects of loops (if included) can be found in [74].
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6S[|ψin〉〈ψin|] = trBH |ψout〉〈ψout|,
|ψin〉 ≡ |ψ(−∞)〉,
|ψout〉 ≡ |ψ(+∞)〉,
(4.16)
where H0 is the usual gravitational Hamiltonian which evolves the system along a set of
spacelike slices labeled by time coordinate T , but does not include the decay interaction.
The latter is given, in precise analogy to the cosmic string case by
Hint =
∑
i,J,K
g ρiJKΦiΦJΦK . (4.17)
ΦJ here creates or annihilates an asymptotically flat spacetime in the J ’th quantum state.
(It does not act on the flat space vacuum to create the J ’th excitation.) Φi creates or
annihilates a compact spacetime, i.e. a black hole interior, in the i’th quantum state.
ρiJK is the wave function overlap computed by aligning the geometries as depicted in
fig. 16. g is a decay coupling constant in which our ignorance of Planck-scale physics is
hidden.
The operators Φi = ai+a
†
i generate a multi-black-hole-interior Hilbert space HBH. If
[ai, a
†
j] = δij , |ψin〉 is taken to obey ai|ψin〉 = 0 and trBH is the trace over HBH, then the
rule (4.16) for construction of 6S contains (with the correct weighting) the cross diagrams
required by the superposition principle. To see how this works, suppose an initial state |ψin〉
collapses to form two black holes (at different locations) which subsequently evaporate.
Then the out-state is of the general form
|ψout〉 =
∑
i,j
a†ia
†
j|ψijout〉, (4.18)
where ak|ψijout〉 = 0. Using the commutation relations [ai, a†j] = δij , the out density matrix
is
trBH |ψout〉〈ψout| =
∑
i,j
(|ψijout〉〈ψijout|+ |ψijout〉〈ψjiout|). (4.19)
The second term on the right hand side is precisely the cross diagram of fig. 15.
The Φi’s may be simply viewed as a convenient mnemonic for constructing the di-
agrammatic expansion of 6 S. Alternately, one may think of the black hole interiors as
forming baby universes which inhabit a “third quantized” Hilbert space [75,74] on which
the Φi’s act. However, the detailed dynamics of these baby universes will not be needed
for our purposes because we view them as unobservable.
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4.8. Superselection Sectors, α-parameters, and the Restoration of Unitarity
Next let us suppose that the initial state is in an “α-state” obeying [76]
Φi|{α}〉 = αi|{α}〉, (4.20)
where the αi’s are c-number eigenvalues, rather than ai|ψin〉 = 0. In such a state the
operator Φi may be everywhere replaced by its eigenvalue and
Hint =
∑
J,K
gJKΦJΦK (4.21)
with
gJK =
∑
i
αiρiJK = c− numbers . (4.22)
Hint reduces to an operator on the Hilbert space of a single asymptotically flat spacetime.
25
It then follows immediately from (4.15) that the out-state
|ψout〉 = S{α}|ψin〉 (4.23)
is a unitary, α-dependent transformation S{α} of the in-state. S{α} here is obtained by
solving (4.15), which reduces to an ordinary Schroedinger-Wheeler-DeWitt equation in an
α-state.
The reader may suppose that this result is of little interest because the generic state
is not an α-state, rather it is a coherent superposition of α-states. To understand the
properties of such superpositions, consider
|ψ〉 = θ|{α}〉+ θ′|{α′}〉 (4.24)
where
〈{α}|{α′}〉 = 0 (4.25)
since α-states are eigenstates of a hermitian operation with distinct eigenvalues.
25 (4.21) may also contain terms which create or destroy pairs of asymptotically flat universes.
But these can be ignored as they factor out of the normalized evolution of a single connected
universe.
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Observables Oi corresponding to measurements in the asymptotically flat spacetime
do not act on the multi-black-hole-interior Hilbert space HBH. Hence they commute with
the Φi’s and leave the α-eigenvalues unchanged. It then follows from (4.25) that
〈{α}|Oi|{α′}〉 = 0 (4.26)
and
〈ψ|O1O2 · · ·ON |ψ〉
= |θ|2〈{α}|O1O2 · · ·ON |{α}〉
+ |θ′|2〈{α′}|O1O2 · · ·ON |{α′}〉 .
(4.27)
A similar relation holds for more general superpositions of α-states, including the “vacuum”
state obeying ai|ψ〉 = 0.
The content of (4.27) is that the α’s label non-communicating superselection sectors.
According to (4.27), the amplitude for repeating an experiment which measures an α-value
and obtaining a different result the second time is zero.26 Once an experiment records a
given α-value, all future experiments will agree. There may be parallel worlds with different
α-values, but we can never know about them. Hence the α’s are effectively constants and
black hole formation/evaporation is an effectively unitary process.27
We find this result extremely satisfying. Having modified Hawking’s superscattering
rules so as to comply with the superposition principle and energy conservation, we see
that unitary is restored as a free bonus. This attests to the robust nature of quantum
mechanics, and the inherent difficulty in finding self-consistent modifications.
The real significance of the very-long-range correlation produced by the cross diagram
of fig. 15 is now evident. They simply conspire to produce infinite-range correlations
26 In the Copenhagen interpretation, one would say that measurement of an α-value collapses
the wave function to the corresponding α-eigenstate.
27 This argument parallels those in earlier work on baby universes. In [77] it was argued, fol-
lowing [3], that virtual, planckian baby universes destroy information. This conclusion was shown
in [76] to be false after proper accounting of superselection sectors. Following these developments,
many authors tried and failed to adapt the mechanism of [76] to avoid information destruction
by black holes. The missing ingredient in these previous attempts to adapt the results of [76] was
the description of the Hilbert space split as a quantum mechanical decay process.
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between α-values measured in widely separated experiments. They do not allow messages
to be sent faster than the speed of light, or money to be consistently won at the racetrack.
What are the α’s in our universe? Even an exact solution to string theory could not
answer this question: They can only be determined by forming black holes and measuring
the out-state28. Until they are known, the outcome of gravitational collapse is unpre-
dictable. The time reverse of this statement is that information is lost in the sense that
the in-state which formed a black hole cannot be determined even from complete knowl-
edge of the out-state. This is certainly similar to, and could be regarded as a refinement
of, Hawking’s original contention that information is lost in black hole processes. Indeed,
if one performs a Gaussian average over α’s one recovers results similar to Hawking’s (in
that pure states go into mixed ones) for the case of a single black hole. Thus the difference
between our proposal and Hawking’s is in practice quite subtle.
The following analogy may clarify the situation. Consider scattering photons off of a
hydrogen atom. Imagine that QED is perfectly understood, except that the value of the
fine structure constant is unknown. In this case it will not be possible to predict (retrodict)
the out-state (in-state) from the in-state (out-state) of a single experiment, so that in a
sense one could say that information is lost. However, after performing many scattering
experiments, the fine structure constant is effectively measured, and no further information
loss occurs.
Information loss in black hole formation/evaporation is of exactly this type. It does
not arise from a fundamental breakdown of unitarity, rather it is associated with a lack
of knowledge of coupling constants (the α’s or gJK ’s). The only difference is that in the
QED case there was only one relevant coupling, while in the black hole case many are
needed (more than e4piM
2
[8] ) even to predict the outcome of a single fixed in-state, and
an enormous number of experiments would be required to actually measure the param-
eters. Indeed, since there are an infinite number of in-states which form black holes (of
unrestricted mass), it is never possible to measure all the α parameters.
The alert reader may be concerned about the status of the information/energy bounds
discussed in 4.3, which constrain the rate at which the information can be returned with
28 Of course in principle the α’s might be fixed by new considerations as in [78], but that is far
beyond the scope of these lectures.
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the small amount of energy available near and after the endpoint. The arguments for
these bounds are quite general and certainly apply to our proposal. Thus unitarity implies
that our decay rate must be very slow. One cannot simply explain this with a small g as
g — though hard to calculate — is naturally order one in Planck units. Rather it was
shown explicitly in a two-dimensional model in [8] that the decay is highly suppressed by
phase space factors: due to entanglement of the interior and exterior states, the overlap
between the initial and final state wave function is small, providing for compatibility with
the information/energy bounds (see also [64]). Unitarity implies a similar phase space
suppression in four dimensions: it is important to understand explicitly how this arises.
5. Conclusions and Outlook
In Section 3, two-dimensional models were analyzed with the aim of gaining a more
concrete understanding of black hole formation/evaporation in a simplified context. Prior
to the evaporation endpoint, these models behave just as Hawking long ago argued that real
four-dimensional black holes would behave. Many criticisms of Hawkings calculation (prior
to the evaporation endpoint) can be seen to be invalid in this simplified context. Thus
the results from the two-dimensional models strengthen our confidence in Hawking’s four-
dimensional, pre-endpoint analysis. On the other hand, attempts to find a two-dimensional
model which consistently implements Hawking’s post-endpoint prescription for throwing
away the information which falls into the black hole have been notably unsuccessful.
Attempts to consistently realize Hawking’ proposal in a concrete fashion in two di-
mensions led to general insights which are applicable in the four-dimensional context. In
Section 4 we reviewed arguments that Hawking’s proposal for information destruction by
black holes — as usually interpreted — violates energy conservation in addition to uni-
tarity, and does not provide a self-consistent rule for evolving superpositions of states
which form black holes at different locations. Refinements of (or reinterpretations of) his
proposal which restore the superposition principle and energy conservation automatically
restore unitarity, after the existence of superselection sectors is properly accounted for.
This can be accomplished without requiring that planckian dynamics become important
at low curvatures (as some have advocated). The resulting description of quantum black
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hole dynamics agrees exactly with Hawking’s everywhere that semiclassical reasoning is
valid, namely prior to the evaporation endpoint, but differs thereafter. It also does not in-
voke the existence of stable objects with no natural right to eternal life: Rather it predicts
the existence of long-lived remnants whose long lifetime may be naturally explained by
phase-space suppression of the decay rate. Thus a unitary, causal description of black hole
formation/evaporation appears to be natural and compatible with all known constraints
of low-energy physics.
The arguments of Section 4 are general in nature. Our understanding would be greatly
enhanced by the construction of an explicit two-dimensional model which realizes the
picture of information flow described in Section 4. Many of the tools required for such
a construction were developed in Section 3. This is an interesting problem for future
research.
In closing, we would like to raise an important issue which has not been covered in
these lectures, but which my be important for future developments. In the nineteenth
century, Boltzmann derived the laws of thermodynamics from statistical mechanics. In
the early seventies, the laws of black hole mechanics were derived from Einstein’s equa-
tion and differential geometry. It was immediately noticed that the laws of classical black
hole mechanics are identical to those of thermodynamics when the variables are renamed
(e.g. the substitution of the entropy for the black hole area). Shortly thereafter, with the
discovery of Hawking evaporation, it was realized that there is really only one unified set
of laws: in the presence of quantum mechanical black holes, neither the laws of thermody-
namics or of classical black hole mechanics are separately valid. For example, in the real
world the horizon area A may decrease (because of Hawking evaporation) in violation of
the area theorem and the accessible entropy S may decrease (by falling in to a black hole)
in violation of the second law. However a combination of the two sets of laws appears to
remain intact. For example, there is good theoretical evidence [10] that the magical sum
S + A/4 is always non-decreasing.
The derivations of the laws of thermodynamics and the laws of classical black hole
mechanics are both extremely beautiful, but could hardly be more different. The fact that
they are united in the end crys out for a unified treatment, in which the two sets of laws
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are not patched together, but appear as different manifestations of the same underlying
principle. It is hard to imagine how this might be achieved. Some have advocated that
the laws of black hole mechanics are really statistical in nature, and that the (exponential
of) the horizon area literally counts black hole microstates. Another possibility is that the
entropy is a kind of quantum area, and the second law of thermodynamics is a quantum
area theorem. Perhaps more likely is that a totally new point of view is necessary. In any
case the resolution of this issue seems likely to lead to fundamental changes in our view of
quantum mechanics and gravity. It will be fascinating to see how or if this meshes with
the picture of information flow developed in these lectures.
In conclusion, quantum black hole physics is a fertile subject with no shortage of
fascinating and confusing questions.
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